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ON Zn2 -EQUIVARIANT TRIANGULATION OF RPn
SOUMEN SARKAR
Abstract. We study several properties of Zn2 -equivariant triangulations of RPn. We
show that a Zn2 -equivariant triangulation of RPn induces a triangulated subdivision of
the orbit space 4n. We show that any vertex minimum Z32-equivariant triangulation of
RP 3 contains 11 vertices.
1. Introduction
Arnoux and Marin ([1]) gave a lower bound (n+1)(n+2)2 on the number of vertices for the
triangulation of an n-dimensional real projective space RPn. But this bound can not be
realized for n ≥ 4. The minimal triangulation of RP 2 is given by 6 vertices, which is unique
(cf. [9]). A minimal triangulation of RP 3 was constructed by Walkup with 11 vertices, cf.
[12]. A series of combinatorial triangulation of RPn with 2n+1−1 vertices was constructed
by Ku¨hnel, cf. [8]. In 1999 F. H. Lutz [10] constructed a 16-vertex triangulation of RP 4
and showed that it is a vertex minimal triangulation of RP 4. It is a conjecture in [4] that
this 16-vertex triangulation is the unique vertex minimal triangulation of RP 4. In [2],
S. Balagopalan constructed 3 triangulation of RP 4 in different ways which are eventually
same as the previously mentioned 16-vertex triangulation of RP 4. In 2005, F. H. Lutz
constructed a 24-vertex triangulation of RP 5 in [10]. Till now it is not known whether it
is a vertex minimal triangulation of RP 5. Basak and the author constructed equilibrium
triangulation of RPn with 2n + n+ 1 vertices for all n ≥ 3 in [3].
Small covers were introduced in the pioneering paper of Davis-Januszkiewicz [5]. An
n-dimensional small cover is an n-dimensional smooth manifold with a locally standard
action of Zn2 where the orbit space a simple polytope. Some examples of small covers are
RPn and their equivariant connected sum at fixed points. The results of Illman in [6] give
that there is a Zn2 -equivariant triangulation of a small cover. An explicit proof of this is
given in Lemma 3.6 of [3]. Inspired by the work of Davis-Januszkiewicz [5] and Illman [6],
we may ask the following.
Question 1.1. What are the vertex minimal Zn2 -equivariant triangulations of an n-dimensional
small cover up to Zn2 -equivariant isomorphism?
In the introduction of [3] of Basak and the author asked the following:
Question 1.2. Does each Zn2 -equivariant triangulation of n-dimensional small cover N
with the orbit space Q induce a triangulation of Q?
Basak and the author answered these questions in [3] when dimension of small covers is
2. The main goals of this article are the following:
(1) To answer the question 1.2 when the small cover is RPn for n ≥ 3.
(2) To construct a vertex minimum Z32-equivariant triangulation of RP 3.
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2 S. SARKAR
Therefore, the Question 1.1 and 1.2 are open for a large class of small covers.
The article is organized as follows. In Section 2 we recall the definition and some basic
results on triangulation of manifolds. In Section 3 we recall the properties of the natural
action of Zn2 on Sn−1 and RPn respectively following [5]. In Section 4, we observe some
phenomena about Zn2 -equivariant triangulation on (n− 1)-sphere and RPn. Some of these
results are necessary conditions for a Zn2 -equivariant triangulation of RPn. Then we solve
our first goal in Theorem 4.7. We show that any vertex minimum Z32-equivariant triangu-
lation of RP 3 contains 11 vertices, see Example 4.9. The construction of the triangulation
of RPn in this article is geometric.
2. Triangulations on manifolds
We recall some basic definitions for triangulation of manifolds following [11]. A compact
convex polyhedron which spans a subspace of dimension n is called an n-cell. So we can
define faces of an n-cell. The convex hull of the standard basis of Rn+1 is called the standard
n-simplex, denoted by 4n. In this paper by an n-simplex we mean a n-dimensional subset
of some Rm which is affinely diffeomorphic as manifold with corners to the standard n-
simplex. Various geometric properties of manifold with corners are discussed in [7].
Definition 2.1. A cell complex X is a finite collection of cells in some Rn satisfying, (i)
if σ is a face of τ and τ ∈ X then σ ∈ X, (ii) if σ, τ ∈ X then σ ∩ τ is a face of both σ and
τ . Zero dimensional cells of X are called vertices of X. A cell complex X is simplicial if
each σ ∈ X is a simplex.
We may denote a simplex σ with vertices {u1, . . . , uk} by 〈u1, . . . , uk〉. The vertex set
of a simplicial complex X and a simplex σ are denoted by V (X) and V (σ) respectively.
The union of all cells in a simplicial complex X is called the polyhedron of X which
is denoted by |X|. For notational simplicity, we may denote a simplicial complex and its
polyhedron by the same letter whenever there is no confusion.
Definition 2.2. If a Hausdorff topological space N is homeomorphic to |X|, the poly-
hedron of a simplicial complex, then we say that X is a triangulation of N . If |X| is a
topological d-ball (respectively, d-sphere) then X is called a triangulated d-ball (respectively
triangulated d-sphere).
Now we recall the definition of equivariant triangulation. This is a modification of the
definition of equivariant simplicial G-complex which is given in Section 2 of [6].
Definition 2.3. Let G be a finite group. A G-equivariant triangulation of the G-space
N is a triangulation X of N such that if
σ = 〈u1, . . . , uk〉 ∈ X, then g(σ) = 〈gu1, . . . , guk〉 ∈ X
for all g ∈ G, where g is regarded as the homeomorphism corresponding to the action of g
on N = |X|.
Definition 2.4. (a) If X, Y are two simplicial complexes, then a simplicial isomorphism
from X to Y is a bijection η : X → Y such that η(σ) is a k-face of Y if and only if σ is a
k-face of X.
(b) A simplicial isomorphism η : X → Y between G-equivariant triangulations X and
Y is called G-equivariant if η(gσ) = θ(g)η(σ) for some θ ∈ Aut(G) and for any σ ∈ X.
By a subdivision of a cell complex X we mean a simplicial complex X ′ together with a
homeomorphism from |X ′| onto |X| which is facewise linear. Two complexes X, Y have
isomorphic subdivisions if and only if |X| and |Y | are piecewise linear homeomorphic.
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3. Some actions of Zn2 on Sn−1 and RPn
In this section, we recall the natural action of Zn2 on Sn−1 and RPn respectively.
Consider
Sn = {(x1, . . . , xn+1) ∈ Rn+1 : x21 + · · ·+ x2n+1 = 1}
and Zn+12 := {−1, 1}n ⊂ Rn+1 for n ≥ 0. The group Zn+12 acts on Rn+1 by
(3.1) (t1, . . . , tn+1)× (x1, . . . , xn+1)→ (t1x1, . . . , tn+1xn+1).
This is an effective smooth action, called standard action and denoted by
ρ : Zn+12 × Rn+1 → Rn+1.
The sphere Sn is invariant under this action. The orbit space Sn−1/Zn2 is
{(x1, . . . , xn+1) ∈ Rn+1 : 0 ≤ x1, . . . , 0 ≤ xn+1 and x21 + · · ·+ x2n+1 = 1}
which is diffeomorphic as manifold with corners to the n-simplex 4n.
Real projective space RPn is the quotient space Sn/x ∼ −x. We denote the equivalence
classes, that is points of RPn, by [x1 : · · · : xn+1] where (x1, . . . , xn+1) ∈ Sn. Let (g) be
the subgroup of Zn+12 generated by g ∈ Zn+12 . The inclusion Zn2 × {1} ⊂ Zn+12 induces
an isomorphism Zn2 ∼= Zn+12 /((−1, . . . ,−1)). So the points of Zn2 can be identified to the
classes [t1 : · · · : tn+1]. The standard action ρp of Zn2 on RPn is defined by
(3.2) [t1 : · · · : tn+1]× [x1 : · · · : xn+1]→ [t1x1 : · · · : tn+1xn+1].
Let a : Sn → RPn and q : Zn+12 → Zn2 be the quotient map. Then we have the following
commutative diagram,
(3.3)
Zn+12 × Sn
ρ−−−−→ Sn
q×a
y ay
Zn2 × RPn
ρp−−−−→ RPn
So the orbit space RPn/Zn2 is the n-simplex 4n and the following diagram commutes,
Sn
a−−−−→ RPny y
4n 4n
Remark 3.1. By Proposition 1.8 of [5] any small cover over 4n is θ-equivariantly home-
omorphic to RPn with standard Zn2 -action for some θ ∈ Aut(Zn2 ). See section 1 of [5] for
the definition of θ-equivariant homeomorphism.
Also one can see the standard Zn2 -action on RPn in the following way. Let Pn be
the convex hull of {±vi : i = 1, . . . , n}, where {v1, . . . , vn} is the standard basis in Rn.
The convex polytope Pn is called an n-dimensional cross-polytope. Observe that Pn is
invariant under the standard Zn2 -action on Rn. Let Pn/ ∼ be the quotient space obtained
by identifying the antipodal points of the boundary ∂Pn of Pn. The Zn2 -action on Pn
induces a Zn2 -action on Pn/ ∼. From the previous definition of RPn, we see that RPn is
equivariantly homeomorphic to Pn/ ∼.
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4. Some results on equivariant triangulation on RPn
In this section we discuss some results on Zn2 -equivariant triangulation on RPn. Mo-
tivation of this section is discussed in the introduction. In this section, the interior of a
space X is denoted by X0 or (X)0.
Lemma 4.1. Let v1, . . . , vn+1 be fixed points of Zn2 -action on RPn and Σ be a Zn2 -equivariant
triangulation of RPn. Then #{V (Σ)− {vi : i = 1, . . . , n+ 1}} is even.
Proof. Let A = V (Σ) − {vi : i = 1, . . . , n + 1} and u ∈ A. Since Zn2 -action on RPn is
standard, the isotropy group of u is isomorphic to Zk2 for some 0 < k ≤ n. So the cardinality
of {gu : g ∈ Zn2} even. Since Σ is a Zn2 -equivariant triangulation, {gu : g ∈ Zn2} ⊂ A and
the sets {gu : g ∈ Zn2 and u ∈ A} make a partition of A. Hence A contains even number
of vertices. 
Lemma 4.2. Let σ be an n-simplex in Rn+1 and g be a reflection on the hyperplane H in
Rn+1 such that g(σ) = σ. Then H contains exactly n − 1 vertices of σ. Moreover, there
exists two n-simplexes σ1 and σ2 such that σ = σ1 ∪ σ2, g(σ1) = σ2 and H ∩ σi is a face
of σi for i = 1, 2.
Proof. We may assume σ is the standard n-simplex. Since g(σ) = σ and H is a hyper
plane in Rn+1, H can not contain more than n− 1 vertices. So, the lemma is clear when
n is 1 and 2, see Figure 1. When n = 2, σ is given by abc in this figure.
σ1
H σ2
H
a
b
c
σ1
σ2
Figure 1. Reflections along a hyperplane.
Let n > 2 and H contains less than n− 1 vertices. Let H does not contain the vertices
{u1, . . . , uk} of σ. So k ≥ 3. In fact k is even and k ≥ 4, since
g(ui) 6= ui
for all i = 1, . . . , k. Let H> and H< be the open half spaces of H in Rn. Then half of
the vertices of {u1, . . . , uk} belong to H>/H<. Let the vertices ui1 , . . . , uil of σ belongs
to H>. Then l ≥ 2. So there is an edge E of σ joining ui1 and uil . Since g(σ) = σ and
g is a reflection, g(E) is an edge of σ and belongs to H<. So E and g(E) belong to a
2-dimensional affine subspace of Rn. This is a contradiction, since σ is a simplex in Rn
and {ui1 , uil , g(ui1), g(uil)} ⊂ V (σ) belong to a 2-dimensional affine subspace of Rn+1. So
H contains exactly n− 1 vertices of σ.
Suppose that V (σ) = {v1, v2, v3, . . . , vn+1}, {v3, . . . , vn+1} ⊂ H and 〈v1, v2〉 ∩ H = v.
Then σ1 = 〈v, v1, v3, . . . , vn+1〉 and σ2 = 〈v, v2, v3, . . . , vn+1〉 are n-dimensional simplexes
in Rn with σ = σ1∪σ2, g(σ1) = σ2 and H∩σi = 〈v, v3, . . . , vn+1〉 is a face of σi for i = 1, 2.

Lemma 4.3. Let Y be a Zn2 -equivariant triangulation of Sn−1, where the Zn2 -action on
Sn−1 is standard. Then #V (Y ) is even and #V (Y ) ≥ 2n
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Proof. Let σ ∈ Y and the vertices of σ are u1, . . . , un. Let g = (−1, . . . ,−1) ∈ Zn2 . Suppose
g(ui) = uj for some i, j ∈ {1, . . . , n}. Then 〈ui, uj〉 and g〈ui, uj〉 are two distinct edges in
Y . Note that g〈ui, uj〉 is the image of 〈ui, uj〉 under g. Since g2 is identity in Zn2 , we have
ui = g(uj) and
〈ui, uj〉 ∩ g〈ui, uj〉 = {ui, uj}.
Which is a contradiction. So
g(ui) /∈ {u1, . . . , un}
for any i = 1, . . . , n. Since ui 6= uj for i 6= j, g(ui) 6= g(uj) for i 6= j. This proves that
#V (Y ) ≥ 2n.
Since Y is equivariant and #(Zn2x) is even where Zn2x is the orbit of x ∈ Sn−1 and orbits
induces a partition, we have that #V (Y ) is even. 
Let pi : RPn → 4n be the orbit map of the standard Zn2 -action on RPn. The map pi
can be defined by
[x1 : · · · : xn+1]→ (|x1|, . . . , |xn+1|).
Let the vertices of the n-simplex 4n are v1, . . . , vn+1 and the codimension one faces are
{F1, . . . , Fn+1} where Fi does not contain vi for i = 1, . . . , n+ 1. For notational simplicity,
we may denote the fixed point corresponding to the vertex vi by the same. Let {e1, . . . , en}
be the standard generators of Zn2 and pi−1(Fi) = Xi for i = 1, . . . , n+ 1. Suppose
ξn+1 = e1 · · · en and ξi = ei
for i = 1, . . . , n.
Lemma 4.4. Let Σ be a Zn2 -equivariant triangulation of RPn and σ be an n-simplex in Σ
such that vi ∈ |σ| for some i ∈ {1, . . . , n+ 1}. Then V (σ) ∩Xi is empty.
Proof. Let V (σ) ∩Xi is nonempty with u ∈ V (σ) ∩Xi.
First suppose vi is a vertex of σ. So 〈vi, u〉 and ξi〈vi, u〉 are two distinct edges in Σ with
〈vi, u〉 ∩ ξi〈vi, u〉 = {vi, u} in Σ. This is a contradiction.
Suppose vi is an interior point of a k-dimensional face F of σ with k > 1. Since vi is a
fixed point, either g(F ) = F or g(F ) ∩ F is a proper face of F for any g ∈ Zn2 . Since vi is
an interior point of F , g(F ) ∩ F is not a proper face of F for any g ∈ Zn2 . So
g(F ) = F
for all g ∈ Zn2 . Then ∂F is a Zn2 -equivariant (k − 1)-dimensional simplicial sphere. Using
Lemma 4.3, we can show that
#V (∂F ) ≥ 2k > k + 1, if k > 1.
Hence vi can not belongs to the interior of a face F of σ with dim(F ) ≥ 2. So vi belongs
to the interior of an edge, namely vi ∈ 〈uk, ul〉0, of σ.
Since Σ is Zn2 -equivariant and vi is not a vertex of σ ∈ Σ, then
〈uk, ul〉 ∩Xi = ∅ and 〈uk, ul〉 ⊂ Xi1 ∩ . . . ∩Xin−1
for some {i1, . . . , in−1} ⊂ {1, . . . , iˆ, . . . , n+ 1}. Otherwise v ∈ 〈uk, ul〉 ∩ g〈uk, ul〉 for some
g ∈ Zn2 − {ξi}. So ξi(uk) = ul. Also ξi(u) = u. Now 〈u, ul〉 and 〈u, uk〉 are distinct edges
in σ. Since σ is a simplex and ξi is a reflection along Xi in a suitable neighborhood of Xi,
we have σ0 ∩ Xi = ∅, and the edges 〈u, ul〉 and ξi〈uk, u) are two distinct edges in Σ. So
〈u, ul〉 ∩ ξi〈uk, u〉 = {u, ul}. This is a contradiction. Hence V (σ) ∩Xi = ∅. 
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Lemma 4.5. Let Σ be a Zn2 -equivariant triangulation of RPn such that the intersection
V (Σ) ∩ pi−1((vivj)0) is empty for some i, j ∈ {1, . . . , n + 1} with i < j. Then there is a
proper face F ⊂ 4n containing vivj with V (Σ)∩pi−1(F −V (F )) is nonempty, when n > 2.
Proof. We may assume the Zn2 -action is standard and (i, j) = (1, 2). Let
D1 = {σ ∈ Σ : v1 ∈ |σ|}.
By Lemma 4.4 V (D1)∩X1 is empty. Let n > 2. Suppose V (Σ)∩pi−1(F −V (F )) is empty
for any proper face F containing the edge 〈v1, v2〉 of 4n. So vertices of D1 belong to
A := pi−1((4n)0) ∪ pi−1(F 01 ).
Lemma 4.4 implies that |D1| is Zn2 -equivariantly homeomorphic to a closed n-ball around
0 in Rn. So |D1| ∩ pi−1(〈v1, v2〉) is a closed interval 〈u1, u2〉 with vertices u1 and u2. So
u1, u2 ∈ |∂D1| and there exists a k-simplex σ ∈ ∂D1 of smallest dimension such that
u1 ∈ |σ| and k > 0.
The interval 〈u1, u2〉 is fixed by e2, . . . , en, where {e1, . . . , en} are the standard generators
of Zn2 . Since ∂D1 ∩ Σ is Zn2 -equivariant, ei(σ) is also a k-simplex in ∂D1 for i = 2, . . . , n.
Since ei does not fix σ for i = 2, . . . , n, the sets e2(σ), . . . , en(σ) are distinct. Now u1 ∈
|ei(σ)| and 0 < k < n. So
n⋂
i=2
|ei(σ)| = u1.
This implies that u1 ∈ V (Σ). Which contradicts the assumption. 
Proposition 4.6. There is no Z32-equivariant triangulation of S2 with 8 vertices where
one of the vertex is (a, b, c) ∈ S2 and a, b, c are non zero.
Proof. Let Y8 be a Z32-equivariant triangulation of S2 with 8 vertices such that (a, b, c) ∈
V (Y8) and a, b, c are non zero. Suppose u1 = (a, b, c), u2 = (−a, b, c), u3 = (a,−b, c),
u4 = (a, b,−c), u5 = (−a,−b, c), u6 = (a,−b,−c), u7 = (−a, b,−c) and u8 = (−a,−b,−c).
So V (Y8) = {u1, . . . , u8}. Since Y8 is equivariant, there is no edge between ui and −ui for
i = 1, . . . 8 in Y8. Let
{(f1(t), f2(t), f3(t)) ∈ S2 : t ∈ [0, 1]}
be an edge 〈u1, u5〉 between u1 and u5 in Y8. So
{(−f1(t), f2(t), f3(t)) ∈ S2 : t ∈ [0, 1]}
is an edge 〈u2, u3〉 between u2 and u3 in Y8. Since f1 : [0, 1]→ R is an injective, continuous
function and f1(0) = a, f1(1) = −a with a 6= 0 there is unique ta ∈ (0, 1) such that
f1(ta) = 0. Then
〈u1, u5〉 ∩ 〈u2, u3〉 = (0, f2(ta), f3(ta))
should be vertex of Y8, but it does not belong to V (Y8). Hence 〈u1, u5〉 and 〈u2, u3〉 are
not edge in Y8. Similarly,
〈u1, u6〉, 〈u1, u6〉, 〈u2, u4〉, 〈u2, u8〉, 〈u3, u4〉, 〈u3, u8〉, 〈u4, u8〉, 〈u5, u6〉, 〈u5, u7〉, 〈u6, u7〉
are not the edges of Y8. That means possible edges are
〈u1, u2〉, 〈u1, u3〉, 〈u1, u4〉, 〈u2, u5〉, 〈u2, u7〉, 〈u3, u5〉,
〈u3, u6〉, 〈u4, u6〉, 〈u4, u7〉, 〈u5, u8〉, 〈u6, u8〉, 〈u7, u8〉.
Therefore Y8 is a subcomplex of the boundary of a cube symmetric around 0 in R3, which
contradicts that Y8 is a Z32-equivariant triangulation. 
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Theorem 4.7. Let Σn be a Zn2 -equivariant triangulation of RPn. Then the collection
{pi(σ) : σ ∈ Σn and dimσ = n} gives a triangulated subdivision of 4n.
Proof. We may assume that Zn2 -action on RPn is the standard action. Let {e1, . . . , en+1}
be the standard generators of Zn+12 . Thus ei acts on Sn by reflection along the hyperplane
Hi = {(x1, . . . , xn+1) ∈ Rn+1 : xi = 0} in Rn+1 for i = 1, . . . , n+ 1. Let
Z2 = 〈e1〉 ↪→ Z22 = 〈e1, e2〉 ↪→ · · · ↪→ Zn+12 = 〈e1, . . . , en+1〉
be the standard inclusions and
Bi = {(x1, . . . , xn+1) ∈ Sn : xj ≥ 0 if j ≥ i} for i ∈ {1, . . . , n+ 1}.
Note that Bn+1 = S
n and Bi is invariant under Zi2-action for i = 1, . . . , n + 1. Since the
antipodal map is a covering map, the Zn2 -equivariant triangulation Σn of RPn induces a
Zn+12 -equivariant triangulation Σ(Sn) of Sn via antipodal map.
Let σ ∈ Σ(Sn). So either |σ| ∩Hn+1 is a face of σ, or σ0 ∩Hn+1 = ∅, or σ0 ∩Hn+1 6= ∅.
If σ0∩Hn+1 6= ∅, then en+1(σ) = σ. So using Lemma 4.2 one can construct a triangulated
subdivision of σ by two simplexes τ1 and τ2 such that en+1(τ1) = τ2, σ = τ1 ∪ τ2 and
τi∩Hn+1 is a face of τi for i = 1, 2. We do this for every σ ∈ Σ(Sn) such that σ0∩Hn+1 6=
∅. Then we get a triangulated subdivision of Σ(Sn), denoted by the same, such that
Hn+1 ∩ Σ(Sn) is a subcomplex of Σ(Sn). Therefore the triangulation Σ(Sn) induces a
Zn2 -equivariant triangulation of Bn.
Similarly, one can get a Zn−12 -equivariant triangulation of Bn−1. Proceeding in this way
we get a triangulated subdivision Σ(B0) of B0, the orbit space of Zn2 -action on RPn. Since
the above process is the successive application of Lemma 4.2 and B1 = S
n/Zn+12 , the
n-simplexes in Σ(B0) are {pi(σ) : σ ∈ Σn and dimσ = n}. 
Remark 4.8. Let Y n be a Zn2 -equivariant triangulation of RPn and x ∈ V (Y n). If
pi(x) = y belongs the relative interior of a k-dimensional face of 4n, then
pi−1(y) = {g(x) : g ∈ Zn2} ⊂ V (Y n)
and #{g(x) : g ∈ Zn2} = 2k.
Example 4.9. In this example we construct a vertex minimum Z32-equivariant triangula-
tions of RP 3. Note that Walkup showed that any triangulation of RP 3 contains at least
11 vertices, cf. [12]. Consider the cross-polytope P 3 in R3. Then RP 3 can be obtain by
identifying the antipodal points of the boundary ∂P 3 of P 3. Let
B1 = {(x1, x2, x3) ∈ P 3 : x3 ≥ 0} and B2 = {(x1, x2, x3) ∈ P 3 : x3 ≤ 0}.
Note that V (B1) = {1, 2,−1,−2, 3} and V (B2) = {1, 2,−1, 2,−3}. We construct some
triangulations of B1 and B2, see Figure 2.
Using this construction we get an explicit triangulation of RP 3 with 16 vertices. Fol-
lowings are the 3-simplexes of this triangulation.
158a, 15af, 18ae, 167c, 16ce, 17cf, 158c, 15cf, 18ce, 167a, 17af, 16ae,
256b, 25bf, 26be, 278d, 27df, 28de, 256d, 25df, 26de, 278b, 27bf, 28be,
3abg, 3bcg, 3cdg, 3adg, 3abh, 3bch, 3cdh, 3adh, 456g, 467g, 478g, 458g,
456h, 467h, 478h, 458h, 56bg, 67cg, 78dg, 58ag, 56dh, 67ah, 78bh, 58ch,
5abf, 5abg, 6bce, 6bcg, 7cdf, 8ade, 5cdf, 5cdh, 6ade, 6adh, 7abf, 8bce,
7cdg, 7abh, 8adg, 8bch.
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4 1
2
3
−1
−2
1
2
−2
−3
a
b
d
7
5
6
4
5
8
−1
−b
−d
−a h
g
−e
e
−e
e
f
f
−c
−f
−f
c
Figure 2. Simplexes in a triangulation of B1 and B2.
This is a Z32-equivariant triangulation of RP 3 where the action is determined by
(4.1)
e1(5) = 6, e1(7) = 8, e1(e) = f, e1(a) = c, e2(5) = 8, e2(6) = 7,
e2(e) = f, e2(b) = d, e3(a) = c, e3(b) = d,
where e1, e2, e3 are the standard generators of Z32. In this triangulation, the star(e) and
star(f) are described in Figure 3. One can show that the maps
g : link(e)→ link(f) and g : star(e)→ star(f)
are simplicial homeomorphisms for any g ∈ {e1, e2} and e3 preserves link(e), link(f),
star(e), star(f).
We can triangulate |star(e)| and |star(f)| without changing link(e) and link(f) respec-
tively, see Figure 4. We denote this triangulation by Be and Bf respectively. One can
easily see that
g : Be → Bf
is a simplicial homeomorphism for any g ∈ {e1, e2}. Also e3 : Be → Be and e3 : Bf → Bf
are simplicial homeomorphism. So, we get a Z32-equivariant triangulation of RP 3 with 14
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8
cb
12
6
d a
e 1 2
a b
c d
5
f
7
Figure 3. star(e) and star(f) respectively.
8
cb
12
6
d a
1 2
a b
c d
5
7
Figure 4. Be and Bf respectively.
vertices. The 3-simplexes of this triangulation of RP 3 are:
158a, 157a, 168a, 167c, 168c, 158c, 157c, 167a, 256b, 257b, 268b, 278d,
257d, 268d, 256d, 278b, 3abg, 3bcg, 3cdg, 3adg, 3abh, 3bch, 3cdh, 3adh,
456g, 467g, 478g, 458g, 456h, 467h, 478h, 458h, 56bg, 67cg, 78dg, 58ag,
57ab, 57cd, 56dh, 68ad, 68bc, 67ah, 78bh, 58ch, 5abg, 5cdh, 6bcg, 6adh,
7cdg, 7abh, 8adg, 8bch.
In this 14-vertex triangulation, the triangulation of star(1), star(2) and star(3) are given
in Figure 5. In this case also, one can show that the maps
1
5
8
6
7
a
c
2 36
5
7
8
a
b
c
d
g
h
b
d
Figure 5. star(1), star(2) and star(3) respectively.
g : link(i)→ link(i) and g : star(i)→ star(i)
10 S. SARKAR
are simplicial homeomorphisms for any i ∈ {1, 2, 3} and g ∈ Z32. We triangulate |star(i)|
without the vertex i and without changing link(i) for i = 1, 2, 3, see Figure 6. We denote
this triangulation by Bi for i = 1, 2, 3. One can easily see that
5
8
6
7
a
c
5
7
8
6
d
b
h
a
b
c
d
g
Figure 6. star(1), star(2) and star(3) respectively.
g : Bi → Bi
is a simplicial homeomorphism for any i ∈ {1, 2, 3} and g ∈ Z32. So, we get a Z32-equivariant
triangulation of RP 3 with 11 vertices. The 3-simplexes of this Z32-equivariant triangulation
of RP 3 are:
57ac, 68ac, 67ac, 58ac, 56bd, 57bd, 68bd, 78bd, abgh, bcgh, cdgh, adgh,
456g, 467g, 478g, 458g, 456h, 467h, 478h, 458h, 56bg, 67cg, 78dg, 58ag,
57ab, 57cd, 56dh, 68ad, 68bc, 67ah, 78bh, 58ch, 5abg, 5cdh, 6bcg, 6adh,
7cdg, 7abh, 8adg, 8bch.
Thus, we construct an 11-vertex Z32-equivariant triangulation of RP 3.
Remark 4.10. Note that the Z32-equivariant triangulation of RP 3 in Example 4.9 con-
tains 40 3-simplexes which is minimum for a triangulation of RP 3. There are exactly 30
triangulations of RP 3 with 11 vertices, see Theorem 5.20 in [4]. At this moment, we do not
know how many Z32-equivariant triangulations of RP 3 exist up to Z32-equivariant simplicial
isomorphism.
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